Superradiant instabilities can trigger the formation of bosonic clouds around rotating black holes. If the bosonic field growth is sufficiently fast, these clouds could form shortly after a binary black hole merger. Such clouds are continuous sources of gravitational waves whose detection (or lack thereof) can probe the existence of ultralight bosons (such as axion-like particles) and their properties. Motivated by the binary black hole mergers seen by Advanced LIGO so far, we investigate in detail the parameter space that can be probed with continuous gravitational wave signals from ultralight scalar field clouds around black hole merger remnants with particular focus on future ground-based detectors (A+, Voyager and Cosmic Explorer). We also study the impact that the confusion noise from a putative stochastic gravitational-wave background from unresolved sources would have on such searches and we estimate, under different astrophysical priors, the number of binary black-hole merger events that could lead to an observable post-merger signal. Under our most optimistic assumptions, Cosmic Explorer could detect dozens of post-merger signals.
I. INTRODUCTION
The detection of gravitational waves (GWs) from several binary black-hole (BH) mergers has opened up new opportunities to search for ultralight bosons predicted by extensions of the Standard Model. One such candidate is the axion, an elementary particle that was first proposed about 40 years ago to solve the strong CP problem of QCD [1] . In the "string axiverse" scenario, pseudoscalar fields with axion-like properties generically arise in string theory compactifications as Kaluza-Klein zero modes of antisymmetric tensor fields, with potentially observable astrophysical consequences [2] . Axionlike particles have also been considered as cold dark matter candidates [3] . Decades of unsuccessful laboratory, astrophysical and cosmological searches for axions have put stringent bounds on their masses and interaction potentials [4, 5] .
GW astronomy can either detect axion-like fields, or set stringent bounds on their masses [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . One of the main ideas behind ultralight boson searches with GW detectors relies on the superradiant instability of rotating (Kerr) BHs [6, 16] .
Consider a Kerr BH of mass M and dimensionless spin χ = a/M and a boson of mass m s , or reduced mass µ = m s / (we use geometrical units, G = c = 1). At the linear level, the radial potential describing perturbations induced by massive fields in asymptotically flat BH backgrounds has a potential well, and therefore time-decaying quasibound states. If the BH is rotating, however, superradiant modes of bosonic fields may be confined within the potential well, generating unstable quasibound states. The superradiant instability of these states is strongest when χ ∼ 1 and when the Compton wavelength of the boson is comparable to the BH Schwarzschild radius, i.e. 2M µ ∼ 1 [17, 18] . It has long been known that a rotating * sghosh2@go.olemiss.edu † berti@jhu.edu ‡ richard.brito@aei.mpg.de § mauricio.richartz@ufabc.edu.br BH can lose at most ∼ 29% of its mass [19] ; in fact, more recent numerical work shows that superradiant instabilities can extract at most ∼ 10% of a BH's mass [20] [21] [22] . When the instability operates, small (classical or quantum) fluctuations of the bosonic field are allowed to grow in time. The final outcome is a boson cloud around a more slowly spinning BH that acts as a continuous GW source, with possibly important astrophysical consequences. 1 Astronomical evidence and theoretical predictions suggest that spinning BHs should be common in the Universe. Thermal continuum fitting and inner disk reflection models yield observational evidence for the existence of stellar-mass BHs with dimensionless spins as high as χ ∼ 0.98, but these measurements are affected by systematic uncertainties (see e.g. Fig. 11 of [26] for a comparison of the two methods for six stellar-mass BH systems). Besides, BH spin estimates using electromagnetic emission depend on accretion. Any studies of superradiant instabilities using electromagnetic estimates of the spin are inevitably model-dependent, because both accretion and superradiance change the BH mass and spin.
Fortunately, nature gave us cleaner systems to study superradiant instabilities of rotating BHs. The ten binary BH merger candidates observed so far by the LIGO/Virgo collaboration provide relatively precise and unbiased measurements of the remnant BH mass M and dimensionless spin χ [27], which rely only on general relativity being correct and are unaffected by accretion modeling systematics. The BH merger remnants observed in the first two LIGO/Virgo observing runs O1 and O2 have spins 0.66 χ 0.81 (cf. effective, is the growth time of the cloud short enough (and is the superradiant GW signal strong enough) that GW detectors could carry out follow-up observations of the continuous GWs emitted by the boson cloud/BH system post-merger? This question was first raised in Ref. [9] and recently studied in more detail in Ref [15] , where it was shown that future GW detectors such as Cosmic Explorer could detect such sources out to ∼ 10 Gpc, while Advanced LIGO at design sensitivity will reach distances of ∼ 100 Mpc. In this paper we complement and extend those works by studying in more detail the parameter space that we will be able to probe with continuous post-merger GW signals emitted by the BH/cloud system. We consider the expected Advanced LIGO/Virgo design sensitivity [? ] as well as future ground-based detectors that are expected to be operational in the next few years, including planned technological improvements within the current LIGO facilities (A+ [? ] and Voyager [28]) as well as Cosmic Explorer, a 40 km design requiring new facilities [29] .
The plan of the paper is as follows. In Sec. II we briefly review the BH/boson cloud model and the method used to compute the GW signal emitted by these sources. In Sec. III we study the parameter space that we will be able to probe with post-merger GW signals. Following [11] , we also study how a stochastic background from all the unresolved BH/cloud sources would affect the detection of continuous post-merger GW signals. In Sec. IV we extend previous studies [9] by computing the number of expected binary BH mergers that could lead to a detectable post-merger GW signal for Cosmic Explorer. Finally, in Sec. V we summarize our findings and discuss possible future improvements.
II. CLOUD FORMATION AND GRAVITATIONAL WAVE EMISSION
In what follows we assume a scenario in which a bosonic condensate forms around the post-merger remnant. We assume that the colliding BHs are not surrounded by a boson cloud prior to merger. If inspiralling BHs are surrounded by a cloud, level transitions can reduce the size of the cloud and, in some cases, deplete it well before merger [13] . Therefore, a full numerical evolution of a binary BH system with a cloud surrounding one or both BHs is necessary to determine the final state of the cloud(s).
The overall dynamics of the BH/boson cloud system can be described in terms of two competing processes: the growth of the cloud due to the superradiant instability, and its dissipation due to GW emission. These processes can be considered independently, because they act on very different timescales. The cloud grows on the superradiant instability timescale
where M 2 = M/(10 2 M ) and µ 13 = m s /(10 −13 )eV. GW emission, on the other hand, occurs on the timescale
These simple analytic expressions for the two timescales can be derived in the limit M µ 1, but they are a fairly good approximation even when M µ ∼ 1: cf. Fig. 4 of [12] . Since τ GW τ inst , we can approximate the system to be a cloud that forms quasi-adiabatically on a fixed Kerr background and use BH perturbation theory to estimate the emitted radiation. Backreaction effects can be neglected since the mass of the cloud is a small fraction of the BH mass, spread out over a large spatial volume [8] . The separation in the instability and GW emission timescales allows us to use equations (25) and (26) of [12] to estimate the mass and spin of the BH merger remnant after the cloud forms around it, which are then used as input to compute the GW signal. We adopt the framework employed in [11, 12] , which we briefly review below for the sake of completeness (see also [15] for a detailed description of the signal morphology).
We will consider ultralight scalars on a fixed Kerr background that satisfy the Klein-Gordon equation ∇ µ ∇ µ Ψ = µ 2 Ψ. The time and angular dependence of the field can be separated by writing
where the functions s S mω (ϑ) are spin-weighted spheroidal harmonics [30] of spin s, orbital number and azimuthal number m, with ≥ |s| and |m| ≤ . The radial component ψ mω (r), on the other hand, is a confluent-Heun type function that satisfies a Teukoslky-like equation for massive scalar fields of frequency ω [31] . In particular, the presence of a mass term in the field equation implies the existence of unstable quasibound states for the boson, which are characterized by a discrete set of complex eigenfrequencies ω = ω R + iω I , where |ω R | ≤ µ and ω I ≥ 0 [18, 32, 33] . 2 This instability is driven by superradiance [16, [34] [35] [36] [37] [38] [39] . If the cloud grows much faster than the duration of the GW signal, the gravitational radiation is predominantly emitted at constant frequencyω = 2ω R (but see [15, 40] for data analysis methods taking into account possible frequency drifts). We use the Teukolsky formalism [41] to compute the GWs emitted by the bosonic cloud that forms around the rotating BH. Gravitational radiation is encoded in the Newman-Penrose scalar ψ 4 = ψ 4 (t, r, ϑ, ϕ), given by
where ρ = (r − ia cos ϑ) −1 and R mω (r) satisfies the Teukolsky equation for spin-2 fields sourced by the stress energy tensor of the scalar field [41, 42] .
At infinity, ψ 4 reduces to
where Z ∞ mω are constants related to the energy flux of outgoing gravitational radiation. The Newman-Penrose scalar at infinity is related to the two GW polarizations h + and h × by
where dots represent time derivatives. From Eqs. (5) and (6) we obtain the GW strain H ≡ h + − ih × in terms of the coefficients Z ∞ mω :
The GW energy flux at infinity iṡ
where dΩ denotes the solid angle element and we have used the angular average | s S˜ mω | 2 = 1/(4π).
Through its stress-energy tensor, each mode (ω, , m) of the scalar field (3) acts as a source of quadrupolar radiation, emitting monochromatic GWs with frequencyω = 2ω, azimuthal numberm = 2m, and orbital number˜ ≥ 2 [12, 43] . We will conservatively (and for simplicity) assume that only the fastest growing scalar mode with = m = 1 contributes to the cloud [18] . For reference, in Fig. 1 we show the value of M µ corresponding to the maximum instability growth rate as a function of BH spin.
We can rewrite the GW strain in Eq. (7) as
where we wrote Z ∞ = Z ∞ mω for brevity, and we have taken into account the symmetries of the system with respect to the (11) where the angle φ˜ is the phase of Z ∞ and, following [15] , we have defined the GW intrinsic strain amplitude:
Finally, the GW strain measured at the detector is
where F +,× are antenna pattern functions that depend on the orientation of the detector and the direction of the source (see e.g. [44] for explicit expressions). In our estimates we will only consider the gravitational mode˜ = 2, which is the dominant GW mode in the parameter space of interest (see Appendix A). The superradiant instability must develop fast enough for the GW signal to be detectable within the observation time of a given GW detector. Figure 2 shows the typical instability timescales associated with cloud growth around a BH of mass 63 M (the GW150914 remnant mass [45] ) for selected values of the BH spins. The cloud formation timescales are plotted as a function of the scalar field mass (top x-axis) and as a function of the corresponding GW frequency (bottom x-axis). For a GW150914-like system, the cloud can grow in less than one year only if the remnant spin χ 0.5. FIG. 3. Relative intrinsic amplitude above the 95%-confidence strain upper limit at AdLIGO, A+, Voyager and Cosmic Explorer for GW signals from BHs with spin χ = 0.7 at redshift z = 0.1 and detectorframe mass in the range [10, 1000] M . We choose the boson mass such that M µ maximizes the intrinsic amplitude, and we compute h 95% 0 using a coherent observation time Tcoh = 10 days and a number of segments such that the total observation time is 2 years.
III. DETECTION PROSPECTS AND CONSTRAINTS ON THE BOSON MASS
Having laid down our framework to compute the GW signal from a BH/boson cloud system, let us now assess the parameter space for which these signals would be detectable by present and future detectors, including AdLIGO, A+, Voyager and Cosmic Explorer.
For long-lived signals, such as the ones we are interested in, it is usually preferable to use a semi-coherent search method.
In particular, when the source parameters are uncertain or not known a priori, the search spans a broad frequency band which makes a fully coherent search computationally prohibitive. In semi-coherent search methods, the signal is first divided into N segments of fixed length T coh , such that the total observation time is N × T coh . Semi-coherent search methods specifically aimed at BH/cloud systems have recently been proposed [15, 40] . In particular, Ref. [15] estimated the upper limit on the GW strain amplitude necessary for detection. For signals with well-known sky locations, but unknown inclination and polarization angle, the 95%-confidence strain upper limit for a single detector is roughly given by:
where S h (f ) is the noise power spectral density (PSD) of the detector. As done in [15] we will consider boson signals detectable if they reach an intrinsic amplitude of h 95% 0 or higher. Ideally, the coherent time of integration T coh would be chosen case-by-case such that, over a time T coh , the frequency varies by at most ∼ 1/T coh [15] . However, the frequency drift of these signals -due to the cloud's self-gravity and possible axion self-interaction -is poorly known, although it is expected to be very small for most of the parameter space [7, 15] . To facilitate comparisons with previous studies [9] we set T coh = 10 days.
In the first two observing runs, the LIGO/Virgo collaboration detected ten binary BH merger candidates [27] . The masses and spins of the merger remnants are listed in Table I . The merger of intermediate-mass BHs is also an important target for LIGO/Virgo searches [46, 47] and, as shown in [15] , the most promising source of continuous post-merger GWs from BHs surrounded by bosonic clouds. Therefore we consider merger remnants with masses in the range [10, 1000] M . The upper limit in BH mass is motivated by the low-frequency cutoff of the detectors, that we assume to be at 10 Hz. In this range of BH masses we can probe about two orders of magnitude in boson masses, as we show below.
All merger remnants observed by AdLIGO so far have dimensionless spins in the range 0.66 χ 0.81 and sourceframe masses in the range 17.8M
M 80.3M , as seen in Table I . The superradiant instability grows at the expense of the rotational energy of the BH, so higher masses and higher BH spins (as in the recently announced GW170729) favor the growth of a cloud and yield a larger GW amplitude.
For illustration, in Figure 3 we show that for χ = 0.7, none of the current and planned detectors could detect the signal from the cloud for a GW150914-like event 3 We consider a semi-coherent search with T coh = 10 days and different observation times (indicated by the different colors) with (dashed) and without (solid) self-confusion noise. Our estimate of the self-confusion noise is described in the main text. For all plots we consider superradiant instabilities that grow within 30 days. The four panels correspond to different BH spins χ, as indicated in the legend. redshift z = 0.1, but only for source-frame masses 150M . These results are consistent with Ref. [15] .
With these considerations in mind, we look more closely at the parameter space that could be probed by Cosmic Explorer. In Fig. 4 we consider Cosmic Explorer sources at redshift z = 0.1 with selected dimensionless birth spins (χ = 0.8, 0.85, 0.9, 0.95), and we show contours corresponding to the region where the signal would be detectable in the (M, m s ) plane, where M is the detector-frame BH mass. For any M , the upper limit on m s (or µ) corresponds to the value of M µ at which the instability cuts off; the lower bound corresponds to an instability growth time of 30 days. 4 This plot can be interpreted in two ways: once a binary BH merger is observed and the remnant mass M is known, one can read off from this plot the minimum observation time that would be required to detect a superradiant signal for boson masses in the range shown in the figure. Alternatively, in the absence of a detection, the plot shows the range of boson masses that can be ruled out.
The strain amplitude is obviously higher for sources at a lower redshift, hence a larger part of the parameter space would be detectable for the same observation time. For illustration, in Fig. 5 we show how the contour plot would change for events with χ = 0.8 (corresponding to the top-left panel of Fig. 4 ) detected at redshift z = 0.05.
A. Self-confusion noise from a stochastic background
So far we have considered instrumental noise as the only noise source. However, if light scalar fields exist, signals which are too faint to be individually resolved could contribute to a stochastic background, which could be strong enough to be a source of confusion noise (especially for future detectors) [11] . Here we follow [11] to estimate this stochastic background. Most of the background is produced by isolated BHs, therefore we neglect the contribution from binary BH mergers. To be conservative, we maximize the background contribution by adopting the most optimistic spin magnitude distribution of [11] (i.e., we assume that spin magnitudes are uniformly distributed in the range χ ∈ [0.8, 1]). As shown in Fig. 6 , the confusion noise background effectively increases the noise PSD of the detector within a frequency range that depends on the boson mass. The background is not expected to have a large impact on the noise budget for AdLIGO and A+, but it could become significant for Voyager and Cosmic Explorer at frequencies ∼ 30-300 Hz, corresponding to bosons in the mass range ∼ 10 −12 -10 −12.75 eV.
This additional noise source can significantly impact our ability to perform follow-up searches from BH/cloud remnants. By comparing the solid and dashed lines in Fig. 4 , we see that the background could significantly lower detection prospects for clouds that form around BHs with detector-frame masses M 100M and spins χ 0.85.
In Table II we list the range of detectable boson masses for AdLIGO, A+ and Voyager for boson clouds that grow within 30 days. at redshift z = 0.1. For this table we assume an observation time of 2 years and T coh = 10 days. For each detector and for each value of χ we list the lowest BH mass that would be detectable and the corresponding boson mass range. For AdLIGO and A+ there is also an upper limit on the detectable BH mass (770M for AdLIGO when χ = 0.95, and 770M for A+ when χ = 0.9). This is due to the lower sensitivity of these detectors at frequencies ∼ 10 Hz. Table II also illustrates the effect of the stochastic background. As expected, the confusion noise hardly affects the results for AdLIGO. For both AdLIGO and A+, the only sources that can be detected are clouds that form around highly-spinning intermediate-mass BHs. Voyager may be able to detect superradiant instabilities of BHs with masses M 100M , but only if they are highly spinning. These results are consistent with Ref. [15] .
IV. DETECTION RATES
How many binary BH merger remnants could emit observable post-merger GW signals due to the growth of a boson cloud? Under optimistic assumptions and using analytical approximations to the GW amplitude, Ref. [9] estimated that Cosmic Explorer could see 100 such events from scalar clouds (see also Ref. [10] for similar estimates for vector fields). Here we revisit those estimates using numerical calculations of the GW strain and exploring the impact of astrophysical assumptions on the BH mass and spin distributions. We focus on Cosmic Explorer, since (as shown above and in [9] ) detection prospects for AdLIGO, A+ and Voyager are not very promising.
We estimate the number of merger events that emit detectable long-lived GWs using [48] 
where
is the derivative of the lookback time with respect to redshift, and D c is the comoving distance.
To compute d 2ṅ /dM dχ we assume that the merger rate is independent of the BH mass and spin, such that d 2ṅ /dM dχ = R(z)P (M )P (χ), with R(z) the total merger rate per comoving volume per year and P (M ), P (χ) represent the distribution of the remnant's source frame mass and spin, respectively. For the total comoving merger rate we use the estimates of Ref. [49] For the distribution of the progenitor's source-frame masses, m 1 and m 2 , with m 1 > m 2 , we adopt two different prescriptions:
(i) Following the LIGO-Virgo Scientific Collaboration [51] , we use a power-law distribution P (m 1 ) ∝ m α 1 θ(m 1 − 5 M ), where θ represents the Heaviside step function. We use a spectral index α = −2.35 for the primary BH, while the secondary mass is uniformly distributed in m 2 ∈ [5 M , m 1 ]. For this distribution we impose an upper mass limit m 1 < 50 M . For short we call this model the power-law or "PL" model. . For this distribution we do not impose an upper mass limit, therefore this distribution allows to study the impact of the possible existence of remnants with masses above 100M . For short we call this model the exponentially suppressed or "ES" model.
The 50 M upper BH mass limit that we impose in the first model is consistent with LIGO's observations and it excludes the detection of remnant BHs with masses above 100M . This distribution is realistic since pair instability and pulsation pair instability in massive helium cores may inhibit the formation of BHs with masses above ∼ 50 M [53] . However, progenitors formed through previous BH mergers can have masses above 50 M [54, 55] . Mergers involving second-generation BHs could occur in dense stellar environments [56] [57] [58] . BHs with masses above 200M can have a Population III origin, but merger rates for those BHs are expected to be very small in the local Universe [48, 59] . z 1. Up to redshift z = 1 the total comoving merger rate computed in [49] is nearly independent on the specific astrophysical model and is very well described by R(z) ∝ (1 + z) 1 We assume the dimensionless spin magnitudes to be uniformly distributed in the range [0, 1] for both BHs, and we consider two different prescriptions for their orientations:
(i) "Isotropic" model: The spin directions are isotropically distributed, as expected for BH binaries produced in dense stellar environments [60] . This case tends to produce remnant BHs with spin magnitudes around χ ∼ 0.7 [54, 55, 61] and is therefore somewhat pessimistic.
(ii) "Aligned" model: We assume the spins to be aligned with the orbital angular momentum, as typically expected for field binaries (see [62] for a comprehensive study of spin orientations in this scenario). This model tends to produce more BHs with spin χ 0.7, and is therefore more optimistic.
To estimate the number of detectable events, we first draw the progenitor properties as outlined above, and then we compute the distributions of the mass and spin of the merger remnant using numerical relativity fitting formulas [63, 64] . The number of events can then be obtained using Eq. (15) . Our results for a coherent integration time of T coh = 10 days and one year of continuous observation time are shown in Fig. 7 . Detection prospects for follow-up searches are considerably better for the aligned-spin distribution, because larger remnant spins generate post-merger GWs with larger intrinsic strain amplitudes. In addition, due to the ∼ 100M upper limit in the remnant's mass, the power-law model does not predict any event for bosons with masses m s 3 × 10 −13 . We obtain slightly smaller event rates than Ref. [9] , probably because we use a numerical calculation of the GW strain amplitude and more realistic assumptions on the BH mass and spin distributions (in [9] the progenitor BHs were assumed to have equal, aligned initial spins and equal masses, yielding a larger fraction of remnant BHs with spins χ > 0.7).
As pointed out in the previous section, the existence of a stochastic background from unresolved sources could produce a "self-confusion noise" and significantly reduce the rates, especially in the range of masses around m s ∼ 3 × 10 −13 (cf. the right panel of Fig. 7 ). Here we have used a very optimistic scenario for the amplitude of the stochastic background, as described in the previous section. The real impact of the stochastic background will likely range somewhere between the two panels shown in Fig. 7 , depending on the astrophysical spin distribution of invidual BHs [11] . As in [9, 10] , we have assumed that superradiance does not operate during the early evolution of the binary. If superradiance is effective before merger and the cloud completely dissipates before merger, the binary members will have small spin and the remnant BH spin distribution will be highly peaked around χ ∼ 0.68 [65, 66] , so few merger remnants will have large enough spin to produce a detectable signal [9] . If one or both of the progenitor BHs are surrounded by a cloud, a full numerical evolution is necessary to determine the final state of the cloud(s) and its impact on the post-merger GW emission (but see [13] for analytical estimates).
V. FINAL REMARKS
We have studied the parameter space that could be probed by GWs emitted by a cloud of ultralight bosons around a binary BH merger remnant at current and future ground-based GW detectors. Although most sources are expected to be too far away for these sources to be detectable by current ground-based GW detectors, we have shown that the prospects for future groundbased GW detectors are much more promising. We note that the range of scalar field masses that can be probed overlaps with the range of masses that could be detected/constrained by allsky searches for continuous GWs from isolated BHs [7, 11, 12] and stochastic background searches [11, 12] . However, constraints from a follow-up search would be independent of the assumptions made on the BH population, and therefore very robust against astrophysical uncertainties. In addition, a detection from a follow-up search would be a conclusive confirmation that the signal is emitted by a superradiant source, and therefore such a search would be complementary to observations from other channels. We have shown that, in the most optimistic scenario, we may expect Cosmic Explorer to detect dozens of binary BH mergers that would be ideal candidates to either detect or constrain the existence of ultralight scalar fields.
We only considered scalar fields. Non-relativistic approximations [10] and numerical relativity simulations [22, 67] suggest that for vector fields the prospects to detect such signals could be significantly better. 7 However, since the formalism used in this work to compute the GW emission has not yet been implemented for vector fields, and is considerably more difficult to handle, we leave a more detailed analysis of vector fields for future work. Our estimates assume that only the = m = 1 mode of the scalar field gets populated by superradiant instabilities. For this mode, the nonaxisymmetric cloud emits gravitational radiation in all multipolar components with˜ ≥ 2 = 2, but fixedm = 2m = 2 [43] . Here we have only included the contribution of the˜ = 2 mode in our calculations.
Here we show that, for the most important region of the parameter space, the mode with˜ = 3 and higher-order modes can indeed be neglected. In the left panel of Fig. 8 we show the GW intrinsic amplitude for the˜ = 2 and˜ = 3 modes as a function of M µ for selected values of the BH spin (χ = 0.7 , 0.9 , 0.99). In the right panel we show the contribution of each mode computed at the value of M µ that maximizes the superradiant instability growth rate as a function of χ (cf. Fig. 1 ). We do not show modes with˜ > 3 because they have been shown to be subdominant relative to thel = 2 andl = 3 modes for any value of the BH spin and M µ [43] . The emission is dominated by the˜ = 2 mode up to M µ 0.35 and spins ∼ 0.95. On the other handl = 3 becomes important, and in fact dominates the emission, for spins χ 0.95 and M µ 0.35. However, it is extremely unlikely for BH mergers to produce remnants with spins higher than 0.95 unless the binary mass ratio is extremely large [61] , therefore our restriction to thẽ = 2 mode is justified. We remark in closing that our GW emissions estimates are conservative, because including high-order modes would yield higher GW amplitudes, at the cost of complicating both the theoretical analysis and signal searches.
